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Abstract

This research is studying Sturm — Liouville Systems Which appears when applying
separating variables, for its importance in solving the most difficult initial boundary
value problems.This research focuses on the study of Sturm—Liouville systems, which
arise when applying the method of separation of variables to boundary value
problems. These systems are characterized by a second-order linear homogeneous
differential equation accompanied by two boundary conditions, making them an
effective and important mathematical tool for addressing various physical and
mathematical problems. The study highlights the significance of Sturm-Liouville
systems in simplifying the solution of more complex boundary value problems, which
often involve intricate initial and boundary conditions. It emphasizes the theoretical
framework of these systems, explaining their mathematical foundation and their
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importance in obtaining precise solutions. Additionally, the research demonstrates
how these systems provide robust analytical tools for solving boundary value problems
encountered in applications such as physics and engineering. The findings include an
overview of the fundamental properties of Sturm—Liouville systems and an analysis of
the factors influencing their accuracy and efficiency when applied in different contexts.
This research contributes to a better understanding of the theoretical and practical
capabilities of Sturm-Liouville systems, reinforcing their role in simplifying the
resolution of complex mathematical problems.

Keywords: Sturm — Liouville Systems; Eigen Values; Eigen Functions.

-

dadial
[[3-1] Olieshaiall (saa) jedai A00aiy¥) dpaall 4l Al Jad ol il d.sas‘u.a‘).’ad.\.da.ad.n;\
X"+ X =0 : O0<X<L
X(0)=0 : X(L)=0 @
X"+ 1X =0 , O<X<L
X'(0)=0 : X'(L)=0 (2)

(gt ) iy ) galle: ) it J8 53— s sl (s (2) 5 (1) e shaial
Un 8 Lot U ol o sine n sliia o i 48550 130 3 [6-4] sl 5 335 5o | gl
Ay daall 2@l Jilse

Oib sl — o gles cila glila (1

ol e
o0 L gpto-awnin =0 acx<d @
—Ly(2,8)+hy(La)=0 @
L,y'(1,b)+h,y(4,b)=0 (5)

Aaiegdiss p,qg,r,r Jdsll o &ilae 4 sie e dtés <l h, ,h, L, L
i — asiv dashic o a<Xx<b sl le r>0, p>0 5 a<x<b sl Je
OS5 A Aai e laill (min Jisl — o s Aashaie iy Y(4,X) =0 ot da Wil aa g
Jigl — asie daghie da Aashidl 4 jtia je Jla a8 (A0 il cand) A4 Aies )
Yo (0= V(201 X) 3ol Led a s A3 (15l gl ane

AU A5 ) e dgalad) dlialiill oY alaadl J stad salinall Jo g i) AAl culeadiall Giad of cang g
as<x<b e gilaia Y, (X) Y7 (X) Lasass

(1) A

salaie Adkida 4513 gl 5 jlalial) A0 Culgaiall g Aiia Ji o) o sl Aa slaial AIAN 2l JS
CP(X) s Al dpally

31 | Afro-Asian Journal of Scientific Research (AAJSR)



[ P09 Y, (%) Yy (x)dx=0

(1) Ao
dagaaa S5 (1) 4kl Al

Gosra e (4) gl byl (lar(a)=0 o813 1

Gosa s (5) gall byall b r(b)=0 g1y 2

cOp s a8l (5) 5 (4) glhaad) Gyl Jagiud 13 r(@) =r(b) .3

S Sl y'(a) =y'(b), y(a) = y(b)

OIS 13 A0 Sy LaadIS 5l cda 8l a8 13 33LE 0 5S5 Jd o) ) s A shaia
y'(@=y'(b), y(@=y(b) s r(a)=r(b)

A5l 5 dalainall Jd b o ) s e slaial A0 J)sal) G e (e Leiaging (1) Aokl b Jull
Lo jidy s B3LG deshaiall CilS 1) Baslaie (p5S5 Layl Aglall J1sall 5 ([10-7] saelaia Laly ()5S0
r@ =r()=0 5 r(b)=0 4 r(a)=0

Jisall of sfe£0 s 5y b A G (4, oy, (X)) alé 3 S (4, , Y, (X)) oSl
A Al oSy (X) o A, Al Aaall 5kl 4 Ay (X) O 1M Gaus e il
i 5 25300 gl 5 yJalia A1 ) sall (e 2a) g 22my Aaaiiall Jb o) ) sis Aashaie 3, A, 35 kalie
il 1l e (S la ol aaas AN Al [13-11] &) s, gl Jisall JS

umu:J POy, (9 -1

Mo lne ol Ledsha e 21 Clgatal dands Laalagl i B jlaal) 213 Cilgatall

. N7X
Al dagall 5 lalia Y, (X) =smT o (1) A shaiall 2gIAN J) )

. CnaX
0555 A jlaall 25130 Alall c 2 0 <uli Y Csin S

of
"7

32 | Afro-Asian Journal of Scientific Research (AAJSR)



(|

_[sm ( jdx_%

2_2
n“z
3y saall 8 LS 4 Hlima A3 A1 2 5 (1) S o) ) s e sl A= A3 A S ae i
Al
X, (X)= \/73|n—
- il

(2) U5y sies s il 2y o) 2030 J1 520
1
XO(X):\/E /ILSZO JDJLL\A

2 2
T
X, (X)= 1/ cos— A= B Al Aedll 5,506 n >0

dale B guy
Al A1 A JS D) wises 43 (3) S ) o sine e shaial A3 A3y, (X) il 1Y
Akl
1

W Yo (X) (6) N = Hyn
JUia
i sl o) sius Aaslaia (LS

2
Y W =0 0<x<1
dx® dx
y(0)=y(@)=0

Jal
M=—1+v1-41 L M*+m+A =0 5l dsladl j3a
RPN PN

1
=-1++1-41 , Cl)zz—l—ﬂl—4ﬂ, Lea 4o Al a.ﬁ%‘;‘)}.d.;l\ /1<Z Ladic

25 Y(0) = y(1) =0 &l byl g, Y(X) = AB™ +B™ o s g
0=Ae*+Be” A+B=0

L g jiall Jall aa g 13)

33 | Afro-Asian Journal of Scientific Research (AAJSR)



_ Al AR
—X

y(xX)=(A+Bx)e? .5 Alall Jall 5 ol sbacia Allall o2 b o j3all /1:% Laxie

A=B=0 zuinalh, a gubi,
1 5 jhall Jal 2a 53 13

- AN A o
VAL -1 1 . 1
OsSsaladl Jall s 0= 5 &Pm:—iilw uu\bagO\Jsg\/1>Z Ledic
=X
y(X) =e 2 (AcosaX + Bsinax)
i aall da g i) Gk
-1
0=e? (Acosw+Bsinw) A=0
sinm=0 Lea s
w=Nrx nel
NA4Ain -1
ng=-——- Sl
2 =
2 _2
ﬁnzz+n” A Al Leia

X
Y, (X) =e2sinnzax g g,
A 5 ) geall o dloalal) Asleall TS Sy 4y e Jsall 038 Jaal

2

d°y dy

O=e"—+e"—+1e"
dx? dx y
d dy
—|e*—=|+e"y=0 i
dx( dx]Jr y &

" o sl Al of s (3) Jbsl oy s daglaia A

Gl (S Y
x L[ x ?
g2 sinnysz: J.ex(e 2 sinnzsz dx
0

34 | Afro-Asian Journal of Scientific Research (AAJSR)



1 1
= [|sin? nmxdx = —
{ 7

—X
yn(x):\/Ee 2. 8INNAX oS8 A el A1) J)sall 13)
Eigen Function Expansions 4 Jisal dssia (2
Ge i< 0< x <L sl e Lakaiia daclill f(X) Alall cual) Ala) 4y ) ¢ Aliduia

f(x) =3 b, sin 2
n=1 L
(7)
L
b, =3jf(x)sin”—”"dx G
L L

. N7X
smT Al Jhsall Aty (X) Dl il ja b 4y 8 Aluduia Jal o yiiad Lia

2 . nax
\/ESIHT A bl AgIAN ) sall Jlasin aisas g (1) sl o) sias da shanal 4120 A1) a
f IS A laall A0 ) sall AV Leie il Sy (7) Aalaall

f(x)= Zc ([sm%’j
©)
='If(x)(\/73|nnTde Cua

2 . nax
alaial) 4y jluadll \/EsmT Jisall danaly f(X) S je &8 C Jal sl

Al J)sal) Aoy alaill s Al1AY a8 Alaliiay Lo pnill (K Lewats (X) A
fsl LS (2) i) o) s A phaial 4y lamll

35 | Afro-Asian Journal of Scientific Research (AAJSR)



©9)

C, Jalsall alal Jslas oY)

£(x)= ¢,y (%) a<x<b (10)

(3) i s) o s dn staial Basbaiall g gl 2830 J1 sl Y, (X) G
la,b] sl e say an JaS8L 5 P(X) Yy (X) = (10) Hladl) iy yum 13)

[POOT 00y (x)dx=c, [ POOY, (Y, (X)X

a

10l 6l ta g slon Y Aluduciall 8 dad M aad) 4510 O sall delad Can g

b
[POOT ()Y, (0dx=C, (LD
O 4ale LAY s Jhaad) 138 945 jliie (10) Abodeiall da (11) A WS C ol &5 13 oY)
-aalul) &y ksl D
(2) ks

cal Bsa<x<b syl e X Adlaiedgas Ja(pr)” rr,q, p <l

A o e 4ags il gh,  h Ly, L csls iy a<x<b syl Jer>0 5p>0
0o S Gl s ddia LA <A, <Ay <. A3 Jlso W 058 (3) Jisl o sine dashaia )8
5 Y, (X) 3kl saslaiall 4y jlieall Al JI all IELT/lnzoo 5 ealla 6Ky 2 sana 2o
-1

A% y,(%)

a<x<b X Y dasx<b o lakiodacl f(x) culs 13|

N, X 2 Al daiiia 5 soms 33 5350 Y O 5 i ) (X) Letiiie

36 | Afro-Asian Journal of Scientific Research (AAJSR)



FXD)+f(x7) <
2 _;Cnyn (12)

C, = | p(x)y, (x)dx A

a
Y, (X) Aia Jigall daeilly (X)) ADall daladl 4y 58 Aludidia e (12) dllucidll

C, ,
Baalaiall — 4 jlpmall Al AgIAN ) sall Lully F(X) LS o o2 5 Al 4 ) 8 Jal 52 o
Ay 00} -

Ao shaial 213 Aad ()5S Jieall @b e 3 50e Al e Ji gl — ) sias e slaiad 5130 Al JS

Jlia
U 5l s gl A el 2510 )l AV (X)) = L— X &Iall & Saa aa
X"+ X =0 O<x<L
X(0)=X'(L)=0
Jall
2n-1
A = Mu;&%M\oA@J‘L\J\J\Fﬂ\

" 2L

. (2n—
yn(x)—sm( i

.01 [ 222} -

o ) A9 J)all s 13
2n-1
X, (x)= 1/ sm( j

AN ) gall o0 A0V oy f(x):L—x Alall ddlal) 4y 8 Ailiita g

L—x:icnxn(x)
n=1

L
C, = [(L=x/= sin(zn _1jxdx
O 25" 2L

= _\/I(ﬁJJ‘(L x)d co{sz 1)7zxdx
T

37 | Afro-Asian Journal of Scientific Research (AAJSR)

1
jnx AgAl A




> (2n-1 (2n-1)

T
% = py _
L_X:2J§2L $[or_, 2D \Esin(zn 1)70(
72 =l2n-1 (2n-1 )V 2 2L

O<x<L sl Ao dladudall )l et (2) 4oyl
L=x J L—X Ja el X =0 Laie L—x J) lamy dld)

_2&@( T 2(1)“}

s Aull

Jlia
Babaiall A jlmall A9 J)sall d¥a [0, 4] 5 e f(X) = 2X—1 Alall o Sia 2a
Ji ol o) s A slaial
X"+ 12X =0 X'(0)=0 , X(4)=0
Jal

OsSs Alatal) Asleall Ja
X (x) =a cos Ax + b sin Ax

b Aaal) Lo g Hal) gaaty
b=0 , acosi4=0
lea g
4 :M”
2
P 2n—17[
8

4
N = JCOSZMﬂXdXZZ
0 8
OsSa Ag bl 45131 ) gall 13)
1 2n-1
X, (X)=—=co 7IX
w=feo{ 75
By eall Jde iy f(X)=2x—1 Alall & Saa
2x-1=> C X, ()

n=1

¢ 1 2n-1
C =1(2x-1 co X7zzdx
=Je 5 { : j

38 | Afro-Asian Journal of Scientific Research (AAJSR)



-8 16 ;
“n = J2@n-1)r ((2n ~Yr +71ED j

2X_1:_4Z 1 16 +7(-D" co{zn_ljnx
7 =22n=-1 (2n-)x 8

O<x<4 &an
Ao Jd gl o siw dagliia (3
35530l i 5 o sins on il 5130 ol
Y"+ 1Y =0 —L<x<L
Y(-L)=Y(L) , Y'(-L)=Y'(L)

b

Ca
- , > n’r’
Led 5 ,kliall 4513 Jisall s (N1=012,...) ¢us f = E
A, 1 ﬂnesinnTﬂX : cosnTﬂX (n>0)
A lmall 45030 JI sall
1
Ay > —
© 2L
1 . nax 1 n7zX
A, «<>—=SIn— ; —cos— , (n>0
N NRoad (n>0)
il
b, . nax
f(x L_sin
(0= —fo+ 3 Srcos—Posin®
L
1
Jf(x)(—_j
L
nzx
a, = f(x)(—cos—jdx
[rooJreesy
L
1 . nax
b, = f(x)(—sm—]dx
[T Jsin e
YONES|

SO (e paa) s Jiad Al gl — o) i e shaie Al o e S5 S5 cdaanll i Qs
(il shaiall g Al 4y laill sualiall ) J ol Adalinl) ca¥aleal) Ja 5 Jidad 8 Al
Leda s iy Apnlea) Lty ot 3 (3 Loy dalas¥) o2 Ay N Aiall Ll = 5 s o3 G
pll o laty Lad Lags W (gl — ) s il sl 4 ) Gailiadd) ) 5kl o3 43l
slull agdl lalie Jiai (ailadll oda o du ol JMA (e Jaa gl 85 AglAl J)sall 5 4500

39 | Afro-Asian Journal of Scientific Research (AAJSR)



alan il Jaray 1 5 Uals ) 4000wl jedad e shaiall o2 ddausl g9 Clua g3 il alaill aly )
Aolialatl) alaall 48801 J glal) Caia g 8 agest A0 J)sall () s (8 callaill 3 jiall gliza 51
o Al )5 Ll N il (alide (B Jidgd — ) s e slaie Lieal Canll i LS
aaladin) (K Sl G jlai 1) Loayl et s ccannd Alialal) caladdl Jad 3100 5 jae ol
Laal,l) Aadailly Al 3l el ghall Al 0 ASalial) Aaai¥) Jilat Jie e sile SVl
saac Y1 aalS Jd ol — ) s il ghaia 50 Ao AT a3 i all o2 IR (e dprdall Cilleall
Ol aghy dapti (& agud Alled Allas <l ol i 3 cdgiadaill Cilpaly N 8 Al
Glai s il Aadiiall Gla¥) Ge 2 3all el ga) B e Aul il aagis Baixall duly )l
Yl L) JAA e sobil) Leagh S ai ) ALYl il shaiall 03] dlaall Clisdail
A pulall dadaill s Akl QS (g AY)

el

[1] E. C. de Oliveira and J. E. Maiorino, “Sturm—Liouville systems,” in Problem Books
in Mathematics, Cham: Springer Nature Switzerland, 2025, pp. 169-195.

[2] |. Cagao, M. I. Falcao, H. R. Malonek, and G. Tomaz, “A Sturm-Liouville equation
on the crossroads of continuous and discrete hypercomplex analysis,” Math.
Methods Appl. Sci., vol. 47, no. 10, pp. 7962—7987, 2024.

[3] P. Ngo and K. Lan, “Minimum principles for Sturm-Liouville inequalities and
applications,” Mathematics, vol. 12, no. 13, p. 2088, 2024.

[4] S.Shokoohand A. A. Shamlou, “Existence of weak solutions for a Sturm—Liouville
type system using critical points theorems,” J. Funct. Spaces, vol. 2024, no. 1,
2024.

[5] D. R. Samudra and C. R. Indrati, “Fundamental solution of Sturm-Liouville
equation,” in AIP Conference Proceedings, 2024, vol. 3029, p. 040006.

[6] P. B. Natalia, “Uniform stability of the inverse problem for the non-self-adjoint
Sturm-Liouville operator,” arXiv [math.SP], 2024.

[7] H. Farzana, S. Kumar Bhowmik, and M. A. Alim, “Bernstein collocation technique
for a class of Sturm-Liouville problems,” Heliyon, vol. 10, no. 7, p. e28888, 2024.

[8] C.-S. Liu, C.-W. Chang, and C.-L. Kuo, “Numerical analysis for Sturm—Liouville
problems with nonlocal generalized boundary conditions,” Mathematics, vol. 12,
no. 8, p. 1265, 2024.

[9] F. Dalmao and J. R. Ledn, “On the number of roots of Sturm-Liouville random
sums,” Electron. Commun. Probab., vol. 29, no. none, 2024.

[10]K. Al-Khaled and A. Hazaimeh, “Comparison methods for solving non-linear
Sturm—Liouville eigenvalues problems,” Symmetry (Basel), vol. 12, no. 7, p. 1179,
2020.

[11]U. Perera and C. Bdckmann,  “Solutions  of  Sturm-Liouville
problems,” Mathematics, vol. 8, no. 11, p. 2074, 2020.

[12]R. Rabenstein and M. Schafer, “Sturm-Liouville transformation,”
in Multidimensional Signals and Systems, Cham: Springer International
Publishing, 2023, pp. 347-400.

[13]V. Kravchenko, “Spectrum completion and inverse Sturm-Liouville
problems,” Math. Methods Appl. Sci., vol. 46, no. 5, pp. 5821-5835, 2023.

40 | Afro-Asian Journal of Scientific Research (AAJSR)



