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Abstract:

The authors explore the properties of analytic functions generated by a new integral operator in the
open unit disk. The core of the work focuses on a particular differential inequality involving these
functions. The main results demonstrate that satisfying this inequality forces the functions to have
desirable geometric characteristics. Specifically, the paper derives practical conditions that ensure
these functions are univalent (one-to-one), close-to-convex, and strongly starlike.
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Introduction and definitions:
Let A denote the class of functions of the form:

o) = ¢ + i Q"

which are analytic in the open unitdisc U = {z: |z_| < 1} and normalized by the conditions that
0(0) =0'(0) —1=0.

Close-to-convex functions represent a subclass of A. Their definition stipulates that for a
function f to be close-to-convex, there must exist a convex function g and an angle a in (—n/2, 7/
HC)

2) satisfying the condition R(e'* g’_(f)) > 0 at every point z within the domain U.
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It is a established result that all close-to-convex functions are univalent. Previous research [1, 2]
demonstrated that an analytic function f is not only close-to-convex but also univalent in U if the real
part of its derivative, R(f'(2)), is positive throughout the domain.

A function f € A qualifies as strongly starlike of order a (0 < a < 1) whenever the expression:

&(2) ar
< =
Larg(e ) 1<

This geometric condition is equivalent to the subordination relationship:
§0'(5) (1 + f)a
0($)
Given functions 0, g € A, we introduced the the foIIowmg mtegral operator where studied in (see [6] and

[71):

7(6,9)(§) = IzF() = (1

Analytically, this operator is represented by the series where F(z) = (0(z)ed®).

1W@)E+§: o @

The primary objective of this work is to establlsh criteria for the close-to-convexity and univalence of
analytic functions generated by an integral operator. The same problem of analytic function was
investigated by S.Billing in (see[5]). To prove our results, we need the following lemmas.

Lemma 1.1 (see [4]) Let u and v denote complex variables:
u=1uy +iu,, v=1rv+Iiv,,
and let (u,v) be a complex-valued function that satisfies the following conditions.
(i): ¥(u,v) is continuous in domain D of complex plane,
(ii): (0,1) € D and ¥(1,0) > 0

(iii): Ry (iu,, vy) < 0 whenever (iu,,v;) €D andv,1 < —

Letp(é) = 1 + p,& +...is an analytic function in U such that p(&),ép'(é)) € D. If
R (@), ¢p' N} >0

Rp(€) >0€U.
Lemma 1.2 (see[3]) Consider a convex function G in the unit disk U, normalized by G(0) = a, and a
complex number y where R(y) > 0. If Fis a holomorphic function of the form F(¢) =a+ a,&" +
Ap41E™1 + -+ in U and F is subordinate to G, then:

1+u§

Then

1 (¢ _ 1 (* Y,
—j Ft)tr'dt < — | G(t)tn dt.
§rJo Kén o

2 Main result:

Theorem 2.1 Consider real parameters ¢ and § such thata+28>=0and f <1. Under these
parameter constraints, the differential inequality:

IGF
(1-a)= © +a(lgF ()

) > 0 for all z in the unit disk.
Proof. Letp(é) = 1 + p,& + pzfz + ... be analytic function in U such that for all ¢ € U,

>uwseu ()

implies the positivity condition R+ “F(E)

IF
ma=“;a. @
Then
1-al ;8+M$H®Y=H8+ﬁpﬁl

Equivalently, condition (3) can be written as:
+aép'(§) -
9 r¢) fs‘_pﬁ(s‘) Bl 0.EcU )
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If D = C x C, define:

1
Y(u,v) =1_ﬁ[u+av—ﬁ].

Then (u,v) is continuous in D and Ry (1,0) = 1 > 0. Further, in view of (5), we get RyY(p(£),&p’'(£))
> 0,z € U.letu = u, +iu, = v, +iv, where u,,u,, v; and v, are real numbers. Then for iu,, v, €

. 1+u3
D with v; <=2, we have:

iu, +avy — f _ a+2p <
1-5 21-p) ~

Hence, by Lemma 1.1 and (4) we get RP(¢) > 0in U or equivalent, ERI“nFT@ > 0.

Theorem 2.2 Under the parameter constraints « + 28 < 0 and § > 1, the differential inequality:

0.

RY(iuy,v) =R

IF (§) X ,
(1-a) 3 +alzF(E) I<B.SeU, (6)
guarantees that I“KFTG) has a positive real part throughout the unit disk.
Proof. Define the function P(§) = 1 + p; & + p,&2 + -+~ to be analytic in U, where:
IZF ()
P(&) = F (7)

Differentiating this expression and substituting, we find:
IZF () , ,
(1-a)= z +a(IgF(§)) = P(§) + asP'($).

Consequently, the hypothesis that IXF (§) satisfies inequality (6) is equivalent to the condition:
|P(E)+aéP'(&)I<B,E €.
This condition can be reformulated as:
P(&)+alP'(§) —
R( ©) 15;5) '8) >0,§ eU. (8)
The remainder of the proof follows using the same methodology as in the proof of Theorem 2.1.
Theorem 2.3 Given scalars a, B in R with the property that « > 1 and 0 < 8 < 1. For a function f
obeying the bound.

RI(1—a)

1;1;(5) +a(lgF(§)'|<B.SEU

K
Implies that ER@ >

g. in U. Consequently, IfF (&) is a close-to-convex (and therefore univalent)

function in the unit disk U.
Proof. On the basis of Theorem 2.1, for 0 < § < 1 allows us to conclude that

iRI"‘KFT@) > 0. Define
IXF '
PE)=(1-a) ;a+de@)
Yields
| 1\ IXF
(5F©) =P +(1-7) E2E

This establishes that:
I5F(©))’
LUEF©) B
3 a
Theorem 2.4 Consider a convex function H in the unit disk U, normalized such that H(0) = 1, and a
real number a > 1. If the integral operator I F () fulfills:

IXF '
(1-a) ;8+4$H8)<ma, §eU, (9
yield
K 3
laF ) < il H(t)té_ldt
E afa 0

Proof. Consider a regular function:
PE)=1+p§+p§*+--inU
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Defined by the relation:
IgF ()

P() = (7)
Differentiating and substituting, the condition (7) simplifies to the subordination:

P(§) +adP'(§) < H(?). (10)
Applying Lemma 1.2 with the parameter y = 1/a, the subordination in (10) yields the solution:
1 3
P(é) < fl/af H(t)tY/* 14,

Consequently, by the definition of P(z), we obtain the final result:

i 3
1“1;(6) < —a;l/af H(t)tY* 4t,
0

Theorem 2.5 Consider a as areal number, with « > 1. For A function IXF(§) obeying the bound:

(1-a) 1";2@) +a(IEFE) <1+252>0, €€, (11)

Establishes that:
IzF () - A&
& a+1

, (12)
As the same time:

2K
(EFE©) <=
Proof. Building on Theorem 2.4, the specific choice H(f) = 1 + A¢ leads directly to the conclusion (12)
whenever the hypothesis (11) is satisfied.
Define the function:
IzF(§)
$

-ty a(I5F() —1=0().
This definition allows us to express the derivative as:
K ! 1 IzF(§)
(F©) -1=70© +(1-2) 2 - 1),
By applying the bounds from (11), (12), and the equation above, we derive the inequality:
(5P ©) 1| < ==
This result immediately yields the following corollary.

Corollary 2.1 Consider a and A parameters ,witha>1and0 <1 < “TH For a given function IXF(§)
obeying the bound:

IEF '
|(1 —a)—= f) +a(IEF(©) -1
This yields |(I{;F(€)) | 2’15 < 1. We conclude that IXF (§) is univalent in U, a direct consequence

of its close-to-convex nature.
Theorem 2.6 Consider a > 1. For a given function [XF (&) obeying the bound:

<A E€U,

IEF 1
(1-a) f)+ a(I5F©) < % feu,  (13)
It follows that:
IzF(§) 1

Additionally:
3
RIXF(E) > -, E€eU.

Proof. In light of Theorem 2.4 for H(¢) = 1(1(_15)‘;) WhICh is a convex function gives (14), whenever (13)
holds. Let:
IXF (&) '
(- == +a(lZF©) = Q.
Therefore,

IgF(§)
7 )-

(F©) = - 0@ +(1-2)¢
By using (13), (14) and the above equation, we obtain:
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RICF (&) > Z, FeU.

Conclusion:

In this research the authors investigated some geometric properties of analytic functions generated by
a new integral operator in the open unit disk and also the main result concentrated on particular
differential in equality satisfied geometric characteristics specifically and practical conditions that ensure
univalent (one- to — one), close-to- convex and strongly starlik functions.
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