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Abstract:

This scientific paper addresses the study of numerical solutions for Volterra integral equations using
second-order and fourth-order Runge-Kutta methods. These equations appear in various fields such as
physics, engineering, chemistry, and medical sciences, where it is difficult to obtain analytical and
accurate solutions. The Volterra integral equation is transformed into a first-order or second-order
differential equation depending on the nature of the equation, after which the Runge-Kutta method is
applied. The results show that the use of the Runge-Kutta method provides accurate numerical
solutions for Volterra integral equations. Numerical solutions using Runge-Kutta of different orders were
compared, and it was clear that the numerical solution using the fourth-order Runge-Kutta method is
more accurate than that using the second-order Runge-Kutta method, with results presented using
MATLAB software. The study demonstrates that the Runge-Kutta method is an effective tool for solving
Volterra integral equations.

Keywords: Volterra Integral Equations, Runge-Kutta second order method, Runge-Kutta classical
method.
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Adlaall dalad) 3 ) guall (49859 JalSil) dadle z A g JAI3 y(x) gl Ao Lgd jedin AN ddalaal) &
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B(x)
ux)=fx)+41 k(x, t)u(t)dt

a(x) )
1) Cua
Aasleadls f(x) 1
Alalsal) Aabaall 31 53 anid g £, 20 Cppaie AV A glaa Ay k(x, 1) .2
LaadlS ) il parie bl 6 Le) 5S35 JalSl) 2 sas B(x), (%) .3
Lyl JalSill dadle z s jeki a8y (JalSill ddle Jals jedai U gema W y(x) .4
a2 ) 5
:Volterra Integral Equations sl | il g dslas
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by LS ) 585 ALl | ) b Alslacal dalall dkall 5y )
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X
u(x) =1+ xe* —f tu(t)dt
0
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—ulx)=—q»1 +—xex——J tu(u)dt
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u'(x) = xe* + e* — xu(x)
u(x) Wbl by = 0 gt A byl e J paall

0

u(0) =1+ (0)e® —J tu(t)dt =1
0
SIS S Alan Y Al Alise ()5S
u'(x) = xe* + e* — xu(x), u(0) =1

(0 G B S — gy 5ok Gukiy
0<x<1 , h=01
(1) dsanll o Aol i) e Jsmmal (Sa(1) el G

1 QB U S iy (ke G A 1(1) Jg

X e rk2 e rk4

0.000000 0.0000000000 0.0000000000
0.100000 0.0001134824 0.0000000466
0.200000 0.0002657827 0.0000001125
0.300000 0.0004609834 0.0000002023
0.400000 0.0007030109 0.0000003219
0.500000 0.0009956564 0.0000004788
0.600000 0.0013426247 0.0000006829
0.700000 0.0017476129 0.0000009466
0.800000 0.0022144140 0.0000012853
0.900000 0.0027470441 0.0000017184

clear;

n=10; h=1/n;

x_end=1; x0=0

f=0@ (x,u) (-u);

; ul0=1;

’

f=@ (x,u) (x*exp (x) +texp (x) —-x*u) ;

$RK2 and RK4
x=x0:h:x _end;
u rk2(1)=ul;
u rk4 (1)=ul;

su_Ex=exp (-x);

u Ex=exp (X) ;

’

$solution with RK2

for i=1:n

kl=£f(x(i),u rk2(i));
k2=Ff (x (1) +h,u_rk2 (i) +h*k1) ;
u_rk2 (i+l)=u_rk2(i)+(h/2)* (k1+k2) ;

end

$solution with RK4

for i=1:n

K1=F (x (1) ,u rk4(i));

k2=Ff (x (1) +0.5%h,u_rkd (i) +0.5%h*k1) ;

k3=f (x (1) +0.5%h,u_rkd (i) +0.5%h*k2) ;

k4=f (x (i) +h,u_rké (i) +h*k3) ;

u rk4 (i+1)=u_rk4 (i)+(h/6)* (k1+2* (k2+k3) +k4) ;

end
$Error Soluti

e rk2=abs(u_rk2-u Ex);

on

%plotting the results

plot(x,u rk2,'rd-"', 'linewidth',1.5);

e rké4=abs(u _rkd-u Ex);

hold on

plot (x,u rk4,'b-','linewidth',1.5); hold on

plot(x,u Ex, "k--","linewidth',1.5);

for i=l:n

grid

fprintf ('$EN\ES.10E\t%.10f\n",x(1),e rk2(i),e rkd(i))
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end
ylabel (

xlabel (

axis ([0 0 2]);

legend ('RK2', '"RK4', "Exact Solution')

title('Solutions of u(x) Using RK2 and RK4', 'fontsize',12)

(1) o

Solutions of u{x) Using RK2 and RK4

'u(x)', 'fontsize',16)

u
x',"'fontsize',16)
1

- = = Exact Solution

| 0.2 0.3 0.4 D).(S 0.6 0.7 0.8 0.9 1
10l le U5Sis5 (a la galid Al Jal 1(1) U2

:(2) J—a
UsS — i) @b alaaiuly 45V Alalsall Aabaall Ja 2

u(x) = —x + tan(x) + tan?®(x) — un(t)dt

J—all
1 o) Aol LS Al d L HLE 5y ph e A e Aliee LY AL Alsbed) sty
d d d d d (*
—u(x) = ——x + —tan(x) + —tan?(x) — —f u(t)dt
dx dx J,

dx dx dx
Ay Al Aslaeall Je Jiasy il 3ac 8 Gukaiy g
u'(x) = —1 + sec?(x) + 2tan(x)sec?(x) — u(x)

u(x) Aalzdll Sx=0 @A@\&Y\L;Jﬂ\ sle Jpaall

0

u(0) = —0 + tan(0) + tan?(0) —f u(t)dt =0

0

IS Al Al dagl) Allise )5S
u'(x) = =1+ sec?(x) + 2tan(x)sec?(x) —u(x), u(0) =0
O B S — gy 3ok Gukib
h=0.1

bl Coukahy (2) Jsaall = 02221 @‘um Sl Jans

0<x<1

2 JUall LS iy Syl o A)Eal 2(2) Jgia

X e rk2 e rk4
0.000000 0.0000000000 0.0000000000
0.100000 0.0005707805 0.0000005527
0.200000 0.0012684536 0.0000012784
0.300000 0.0021674715 0.0000023075
0.400000 0.0033908220 0.0000038775
0.500000 0.0051486870 0.0000064465
0.600000 0.0078178804 0.0000109578
0.700000 0.0121147422 0.0000195095
0.800000 0.0195013181 0.0000372230
0.900000 0.0332358673 0.0000781183
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clear;
n=10; h=1/n;
x_end=1; x0=0; 3%ul=1;
u0=0;
$f=Q (x,u) (-u);
$f=0@ (x,u) (x*exp (x) texp (x)-x*Uu) ;
$f=Q@(x,u) (-sin(x)+cos (x)-u);
f=Q@(x,u) (-1+ (sec(x))"2+2*tan (x) * (sec(x))"2-u);
$RK2 and RK4
x=x0:h:x _end;
u_rk2(1)=ul;
u_rk4 (1)=ul;
su_Ex=exp (-x);
su_Ex=exp (x);
%u_Ex=cos (x);
u Ex=(tan(x))."2 ;
$solution with RK2
for i=1:n
kl=f(x(i),u rk2(i));
k2=f (x (i) +h,u_rk2(i)+h*kl);
u rk2 (i+l)=u_rk2(i)+(h/2)* (kl+k2);
end
%$solution with RK4
for i=1:n

k1=f (x(i),u rk4(i));

k2=f (x (1) +0.5%h,u_rké (i) +0.5%h*k1) ;
k3=f (x (i) +0.5%h,u_rké (i) +0.5%h*k2) ;
k4=f (x (1) +h,u_rk4 (i) +h*k3) ;

u rkd (i+l)=u_rkd (i)+(h/6)* (k1+2* (k2+k3) +k4) ;

end
$Error Solution
e rk2Z2=abs(u _rk2-u Ex); e rkéd=abs(u rkd4-u Ex);
%plotting the results
plot(x,u rk2, 'rd-','linewidth',1.5); hold on
plot(x,u rk4, 'b-', "linewidth',1.5); hold on
plot(x,u Ex, 'k--','linewidth',1.5); grid
for i=1:n
fprintf ("$E\t%.10f\t%.10f\n",x(1),e rk2(i),e rkd(i))
end
ylabel ('u(x)', 'fontsize',16)
xlabel ('x', 'fontsize',16)
axis ([0 1 O 21)
legend ('RK2', '"RK4', "Exact Solution')
title('Solutions of u(x) Using RK2 and RK4', 'fontsize',12)

(2) i

Solutions of u(x) Using RK2 and RK4

= = = Exacl Solution

u(x)

o 01 0.2 0.3 0.4 0.5 0.8 0.7 0.8 0.9 1

2 Jlia o Sy g yh Gl gl SLd) Jiall 1(2) Jsé
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23y Aalialatl) Adabeal) Ll cilS 13)
) y'=g9xyy) yxd =y  ¥'(x) =0
(Y Sl ilalaal) () 65 5 A8V A ) aladialy oY) As all (e EYalaall alas ) el sa oSy 43l
y' =v y(x0) = ¥o
v =g(xy,v) v(xo) = Yo'
oY) Aaleall (e e i ylall ‘;s f(x'y, V) c.uais V= y’ Jlasi) Lead ol ‘;ﬂ\}
(IS A Al e U S x5 ) Ay yha e agle 2l

h
Yn+1 = Yn T+ E(kl + kz)

h
Upy1 = Up t E(ml +m;)
ky = f(xn, yn)
ko = f(xn + b,y + hky)

m; = g(xn; yn)
mz = g(xr} + h'yTl + hkl)
IS ) A5 o 58 — i) Rl e (S SIS

h
Yn+1 = Yn + g(k1 + 2k, + 2k3 + ky)

h
Un+1 = Un + E (ml + zmz + 2k3 + k4_)
ky = f(xn'yn)

h h
ko= f (30 + 390 + 5K

h h
ks = f (m+5.0m+3k)
ky = f(xn + b,y + hks3)
my = g(tu, i)

h h
m; = g(xn +E:yn +Ek1>

h h
ms;=4g (xn +§'yn +Ek2>
my = g(x, + h,y,, + hk3)
Vpat Va1 05 30k 058 el @bl alaill dall e Joass el
:L’é..m\.ac...hﬁ&m\ d\.’bd\;
:(3) J—a
LS — i (b alaiiuly LSl |yl @ Aalaa Ja 2a

ulx) =1-—x?-— Jx(x —Hu(t)dt
0

J—al)
1 (ol Al AL Aalaal) 5k BUELE) (34 sl e ) A Allase ) LS Alalaal) gy

d d d d (*
aU(X) = a(l) - axz —afo (x - t)u(t)dt
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Ay lialatl) dalaal) e Jass jinl sacld gulatyg
X
u'(x) = —2x —f u(t)dt

0
S Rl o Gl x ) Rl (5 41 0 G
d "(x) = dz d x(t)dt
ax T Tax T ),

AV lialatl) ddalaal) e Jans jpinl sacld 3okt
u'(x) = -2 —u(x)
:u'(x)’u(x) Cilabaall g.a x=0 a5 aslanyyl L}_).ﬂ\ e Jpasll (S

0
um)=1—02—f(0—ouamt=1

0

wm)z—zmy—fuamt=o

0
SIS DSl A1) dal) Allise ()5S

u'(x) = -2 —ux), u(0)=1, u'(0)=0
e Yl e A5G Adaily Aalaal) ol Jlasind couliall (e 13T AN A0 (e Al Adaladd) o aadl
A
: IS () labadl) () o
u'(x) =, u(0) =1
v =-2—-ulx), v(0) =0

(O Gy U S — i) (kb Gakaly
0<x<1, h=0.1
1(3) el pladinls (3) Jsaall 2l Je Jians

3 Ul B S iy (i b o 4l 1(3) Jgaa

X e rk2 e rk4
0.000000 0.0000000000 0.0000000000
0.100000 0.0000124958 0.0000000042
0.200000 0.0001247335 0.0000000582
0.300000 0.0003348424 0.0000001612
0.400000 0.0006389801 0.0000003114
0.500000 0.0010313888 0.0000005058
0.600000 0.0015044794 0.0000007409
0.700000 0.0020489447 0.0000010120
0.800000 0.0026538978 0.0000013136
0.900000 0.0033070356 0.0000016398

clear;

n=10; h=1/n;

x _end=1; x0=0;

ul=1; v0=0;

f=Q@ (x,u,v) (v);

g=@ (x,u,v) (-2-u);

%RK2 and RK4

x=x0:h:x _end;

u rk2(1)=ul; v_rk2(1)=v0;

u rk4 (1)=ul; v_rk4(1l)=v0;

u Ex=3.*cos (x)-2;

$solution with RK2

for i=1:n
kl=f(x(i),u rk2(i),v_rk2(i));
ml=g(x(i),u rk2(i),v_rk2(i));
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k2=f (x(i)+h,u _rk2(i)+h*kl,v_rk2(i)+h*ml);
m2=g(x (i) +h,u rk2(i)+h*kl,v _rk2(i)+h*ml);
u rk2(i+l)=u rk2(i)+(h/2)* (k1+k2);
v_rk2(i+l)=v_rk2(i)+(h/2)*(ml+m2),

end

$solution with RK4
for i=1:n

kl=f(x(i),u rk4( ), v_rk4(i));
ml=g(x(i),u rk4( ),V rk4('))
k2=f(x(i)+0.5*h,u rk4( )+0.5*h*k1l,v _rk4(i)+0.5*h*ml) ;
m2=g (x(1)+0.5*h,u rk4(i)+0.5*h*kl,v_rk4 (i)+0.5*h*ml) ;
k3=£f(x(1)+0.5*h,u rk4(i)+0.5*h*k2,v _rkd4(i)+0.5*h*m2) ;
m3=g(x(1)+0.5*h,u rk4(i)+0.5*h*k2,v _rk4 (1) +0.5*h*m2) ;
kd=f (x (1) +h,u rk4d (i) +h*k3,v rkd (i )+h*m3)
md=qg (x (i) +h,u rk4( )+h*k3,v_rk4 (i)+h*m3) ;
u rké4 (i+l)=u_rk4 (i +(h/6)* (k1+2* (k2+k3)+k4) ;
v_rkd4 (i+l)=v_rkd (i ) (h/6)* (ml+2* (m2+m3) +m4) ;

end

$Error Solution
e rk2Z2=abs(u_rk2-u EXx);
%plotting the results

e rkd4=abs(u rkd-u Ex);

plot(x,u rk2,'rd-"', 'linewidth',1.5); hold on;
plot(x,u rk4, 'b-","linewidth',1.5); hold on;
plot(x,u Ex, "k--","linewidth',1.5); grid
for i=1:n
fprintf ('$EN\ES.10£\t.10f\n",x(1),e rk2(i),e rk4(i))
end
ylabel ('u(x)', 'fontsize',16)
xlabel ('x', "fontsize',16)
axis ([0 1 0 21):
legend ('RK2', '"RK4', 'Exact Solution')
title('Solution of u(x) Using RK2 and RK4 ', 'fontsize'

(3) &b

Solutions of u(x) Using RK2 and RK4

—&— RK2
RK4
= = = Exact Solution

o 01 02 03 04 0.5 0.6 0.7 08 09 1

»12)
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